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Abstract

An interactive approach is proposed to find the optimaky solution of fully fuzzy multi-level linear
programming (FFMLLP) problem. Firstly, convert the gesh under consideration into non-fuzzy multi-
level multi-objective linear programming (MLMOLP) problem bging the bound and decompositipn
method. Secondly, simplify the MLMOLP problem by transfongnit into separate multi-objectiv
decision-making problems with hierarchical structure, ahdrepit by usinge-constraint method. Th
main results obtained in this paper will be explained byillastrative numerical example. Finally
compare the proposed approach for solving FFMLLP with Thalréound in O. Emam et al. [21] t
show its effectiveness.
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1 Introduction

Fuzzy linear programming (FLP) is the linear programmingvhich some parameters are fuzzy numbers.
The FLP was contrived firstly by Zimmermann [1] who devetbpemethod for solving LP problem using
multi-objective functions. Buckley and Feuring [2] presdnéaother method for finding the solution to
fuzzy, linear programming problem by changing target fundtitma linear multi-objective problem.

The FLP in which all decision parameters and variablesfum®y numbers is called fully fuzzy linear
programming (FFLP) Saberi Najafi et al. [§hamooshaki et al. Garg [4] presented an approach for
computing the various arithmetic operations using cregiltiheory corresponding to a different type of
intuitionistic fuzzy numbers.By using the concept of the distion and complementary distribution
functions Garg [5], studied the basic arithmetic operatimnstwo generalized positive parabolic fuzzy
numbers Ezzati et al. [@]pplying new ordering on triangular fuzzy numbers and traméfigg FFLP to a
multi-objective linear programming (MOLP) problem presentedesv method to solve FFLP; see also
Bhardwaj et al. [7]. Jayalakshmi and Pandians[8]gested a bound and decomposition method to find an
optimal fuzzy solution for the FFLP problem. The introedd method decomposed the FFLP problem into
three crisp linear programming with bounded variables cainstrand then found the fuzzy optimal solution
by solving these problems independently and by using itsiapsolutions. Garg [9] studied an approach for
solving fuzzy differential equations using Runge-Kutta amy8ography-based optimization.

Multi-level programming technique is advanced to solve deaired planning problems with multiple
decision makers in a hierarchical organization. Multi-lemathematical programming (MLMP) is identified
as mathematical programming that solved decentralized plgrprioblems with multiple executors in a
multi-level or hierarchical organization.

The multi-level organization has the following common chaéstic:

Interactive decision-making units exist within a tiydsierarchical structure.

Execution of decision-making is sequential from thdewpl to lower-level.

Each unit independently maximizes its own net bertaiité affected by the actions of other units.
The external effect on a decision maker's problembeareflected in both the objective function
and the set of feasible decision space.

pPOdPE

The interactive algorithm uses the concepts of satisfaes to multi-objective optimization at each level
until a preferred solution is reached. The FLDM getsdigsfactory solutions that are acceptable in rank
order to the SLDM. The SLDM will search for the sfatigory solution of the FLDM until the satisfactory
solution is reached then the interactive fuzzy mettamlgeloped in consideration of fuzziness of human
judgment [10,11]. Multi-level multi-objective (MLMOP) progranmmgi problems involve sequential or
multistage decision making. MLMOP problem is concerned with itesdized planning problems with
multiple decision makers have interacted with each otherM®IR problem is computationally more
complex than the conventual's multi-objective programmiadplem or multi-level programming problem.

In the multi-level field most studies are focused on thkevel problem [12,13 and 14]. Firstly by finding
the convex hull of its original set of constraints then sifyiply the equivalent problem by converting it into
a separate multi-objective decision-making problemfaraly by using the -constraint method the resulted
problem is solved.

M.S. Osman et al. [1§roposed a three-planner multi-objective decision-making hadesolution method
for solving the three-level non-linear multi-objective idamn-making (TLNMODM) problem.One may
refer to the article ([16,17,18]) for more detailsroalti-objective.

This paper is organized as follows: Section 2 Fuzzy GQuec&ection 3 formulates the model of fully fuzzy
multi-level linear programming problem. Formulation of rialdvvel multi-objective linear programming
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problem is obtained in section 4. Subsection 4.1 discussemstraint method. Subsection 4.2 and
Subsection 4.3 presents Interactive algorithm for fully furzyti-level multi-objective linear programming
problem and flow chart. In addition, a numerical exampleravided in Section 5. Finally, conclusion and
future works are reported in Section 6.

2 Fuzzy Concepts

In this section we present some of important definitions fteenfuzzy set theory, where some of these
definitions will be used throughout this thesis and found in.[19]

2.1 Fuzzy set

Definition 2.1

A fuzzy setA in R (real line) is defined to be a set of ordered p%ir%{(X,/JA (X))| x[ % , where

Ha (X) is called the membership function for the fuzzy set.
Definition 2.2

A fuzzy set A on R is convex if for any x,yOR and any A D[O,ZI] , we have
A ()Ix +(1-1) y) > min{,uA (%) 2ta ( y)} :

Definition 2.3

A fuzzy setA is called normal if there is at least one pot] R with £/, (X) =1

Definition 2.4 [8]

A triangular fuzzy numbe|f=(r1, r2,r3) where rl’ r2, r3DRand its membership functiopf (X) is

defined as:
X-r
1 | XST,,
-1
X~
mp(x)=1—3 g <xsry, @
r,-r
2 3
0 otherwise.

Definition 2.5[8§]

Let F=(r1,r2,r3) and S~=(S_L,32,53) are two triangular fuzzy numbers, then the basic ariisme
operations will be defined as follows:
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(i) Addition:

5=(n+s sy 5+
(ii) Subtraction:

ros=(r 5.5 -5 .5 -

(iii) Scalar multiplication:

”
KF = (kr3, krs, krl), if k<0,

KF = (kr kr kr3), if k> 0,
(iv) Multiplication:

105=(18.155,.55) B O,
r0s=(n85155,.155) 1§ <0 (
105 =(n85.15,. 58] 15 <0.

3 Fully Fuzzy Multi-level Linear Programming Problem

Fully fuzzy multi-level linear programming (FFMLLP) priemn may be formulated as follows:
[1St IeveIJ :
maxli = Z (fj >j

Wherex2 ,)é s % SOlves

[an Ievel} : )
B =3 503
XZX 2 E R

where; ,....% solves,

[mth Ievel} :
maxl%n qJ >f

where )?'n+1 s SOlves
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subject to

o Oxg " =1,2,...k
21?1' 1= p(r=12..) (3)

Nfeﬂp j=1,2,.n).
Where )?j,(jzl,Z,..., n) be fuzzy variables indicating tH&' decision level choicc{i :1,2,...,m).

The parameter*ﬁ qj ﬁl ,}? and Br,(j:1,2,...,rj ,(i:1,2,...,m) ,(r:1,2,...,k) are

fuzzy numbers.

Let the parameterE X ﬁ rE]Ilandb,-, (— , )(1—12 I‘) (r:12,.. k) be

the triangular fuzzy numbers(Vil,Vi 2, ) , ( ZJ) (ﬁ HVF) (rj ﬂg”% and

(pr yOr ,f}) respectively. Then the Problem (1)-(2) can be rewrm)eri? level in the following form:

[evel: mx (11 1) < (9 )0 oy g 1=p2e o
wher(ef(,jyj% solvds j=i+1,.).n

subject to
Yl detoan am o

XY ;2 0, i=1,2,n).

By using the arithmetic operations which obtained in Definitids) then Problem (4)-(5) is decomposed
into the following form:

[ith Ievel}:
Max vy Jg Iowervalueoﬁ( g P ”&:)D( jxiyj’%j (, i=1,2,m),
[
n}?xvlz é m|ddlevalueo(( A TP r.J.(:)D( jxj,yj,)z) (, i=1,2,m), (6)

mzfi;tva :%1 uppervaluecﬁ‘( r? er rjc)D( jxj,yj,)zj, (i=1,2,...m,
Where(>i y f) solve§ j=i+1,..)n
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subject to

{nglower value o(( H ﬁ YF)D( jx Jyj’%js rp( r=1,2,..),,k
E‘l mlddlevaluet{( K f I‘j%D( jxj,yj,)zjs ra(, 072,...K) -
Jg uppervalue{l( e rj%D( P XY, ,)zjshr, (r=1,2,...8 ,

P X5 z (@:1,2,...,n)} .

4Formulation of Multi-level Multi-objective Linear Programming
Problem

By using bound and decomposition method [8], Problem (6)-(7) igectad into multi-level multi-objective
linear programming (MLMOLP) problem as follows:

[1St Ievel} :
maxy , = E Iowervalueo( g]a ijb ijCD j(xj,yj,z))
n
maxyv; > mlddlevalue06 a b.ch .(x.,y.,z)
121_ e &y
max\y, 5 = Z uppervaluec(f ﬁa ijbij,cD) j(Xj’yj %

®)

Where( % 3@22) ..{ ¥ % .@) solves
[anleveﬂ:

n
max V,q ng lower valueoé ﬁ? Ijb i]CD j(xj,yj,z))

n
max v, :jgl middle valuef{f PP ich Y, % ©

max Vo4 Jg uppervaluec(f |] i ,cD) (x )1 %

Where(é,)é,zs) . ¥ W B sSoks
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[mth Ievel} :

n
max Vi1 :jél lower value o‘ Q? ijb i 0 j(xj,yj ,z))

n .
max v, ., =3 middle valueoé Q]”‘ ijb ij,CE) j(Xj’yj z)

J:l (10)

n
max v jgl upper value c(f {Ja ijbij,cD) j(xj Y % )

where(ﬁ Y ,f) solve§¢ j=m+1,,n),

Subject t
=) & onervavecf{ y g )0 yid) ol r=v2.
é migcievave | 1 19 0 jypp< ol 02RLy
le uppervalue{r( ST rje)m( P XY ,)z)shr, (r=1,2,...%,

P XY z (@:1,2,...,n)} .

4.1 g-constraint method [20]

To obtain the preferred solution of the FLDM problem; we tramsfFLDM problem into the following
single objective decision making problem:

[1St Ievel} :
n
max v, _j§1 lower value o( Q? ijb ij© 0 j(xj’yj ’Z))
Subjet to
n
max v, le middle valueo(! q]’a\ ijb ij’C O j(xj'yj ’Z); 61’

maxy, 5 =j§1 upper value C(f(a]-j ,kfj § )i (i< V7 )28
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Similarly, to obtain the preferred solution of the SLDM pesh] we transform problem SLDM into the
following single objective decision making problem:

[anleveﬂ:

n
max v, 4 _j§1 lower value 06 Q? ijb ijc 0 j(xj’yj ,z))

Subject to

%0G, (13)
n

max v, Jg mlddlevalueoé qja ”b U,CD (X Y )?83,

max V4 le upper value c(f {Ja ijbij’CD) j(xj’yj ,%354

th th

Similarly, to obtain the preferred solution of the™ " LDM problem; we transform problerm™ " LDM into
the following single objective decision making problem:

[mth Ievel} :
I I b . (X, V.,
max v..q 121 owervaueo( ﬁ? I IICD J(xJ yJ z))
Subject to
xOG, (14)
n
max v, ng middle valueoé ﬂf‘ ”b IJ,CE) (X K )382n ot

max v 4 121 uppervaluec(f Ea ijbij,cD) j(xj’yj ,%E)SZn.

F ¢SS

Now, we will test whethe@(l 2 X3, ,NXnS) is preferred solution to the FLDM or it may be changed,

by the following test:

If

156 365G, F({ 57550 . oF (15)
1565 3855 )
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So(XF %S x S )qqs) is a preferred solution to the FLDM, Whe&f is a small positive constant given

1% %
F S¢S 595y .
by the FLDM which mear@(l 2 X3, ) ), is a preferred solution of the FFMLMLP problem.

S ~(m-1)th mih

Similarly, we will test whetheﬁ’xl Sree X X ) is preferred solution to the (m*L)DM or
it may be changed, by the following test:

If

1By O 55 A" ) >(m1) o5 o) gt L
1oy 0555 y‘h”*l) ST

(16)

1th
Where S(m-) is a small positive constant given by the (HitDM which means

h
F ¢S ~(m-1)t ~anﬁh

(Xl oree X , ), is a preferred solution of the FFMLMLP problem.

4.2 Interactive algorithm for FFMLMLP problem

Step 1: Formulating the FFMLMLP problem go to step 2.

Step 2: Let all fuzzy variables and fuzzy coefficients are tridagtuzzy numbers.
Step 3: Converting the FFMLMLP problem as problem (4) and (5).

Step 4: Seti=1

Step 5: Converting the I-LDM problem (4) and (5) into the non-fuzzy modgrablem (6) and (7) by using
the arithmetic operations on fully fuzzy and by the bourdidectomposition method [8].

Step 6: Calculating the individual best and worst solutions for deeomposed problems of the I-LDM
problem.

Step 7: If i= n, go to step 8, otherwise, i= i+1, then go to Sep
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Step 8: Set k=0 ; solve thé1level decision-making problem to obtain a set of pretesolutions that are
acceptable to the FLDM. The FLDM puts the solutions ireoid the format as follows: Preferred solution

(X3, X5, X5), 0 (47 F, %P P
Preferred ranking (satisfactory ranking§\, X5, X5) = (X7, X %)= L= (XP, T PS

Step 9: Solving the I-LDM problem by using the -constraint method as problem (12), (13) and (14).

to the SLDM.

K

Step 10: Given)"il

1564 3656, Fo 6505, ns)uzgp
15 6 35,3526 I

Where8F is a small positive constant given by the FLDM, theniastep 12. Otherwise, go to step 13.

Step 11: If

Step 12: (~]I-: g’, S, ,xns) is a preferred solution of the FFMLLP problem go tp 4.

Step 13: Set k=k+1, then go to step 8.

Step 14: Similarly, given )~(1 = f(f, 5(2 = ”)'(2, "'and)ﬁ’\—l :~)§rr:1_f') to the mth LDM

Step 15: If

. m-1)th m-l)th - m-1)th h
1m0 38 - o™ e el o T L
th ’
- N (m- .mh
RN e Rl

Wheref)(m_l) is a small positive constant given by the (fitT)M then go to step 16. Otherwise, go to
step 13.

th
_(m- - nth
Step 16: (XJI_: g, . X(r1n_111) ,Xnn{ ) is a preferred solution to the FFMLLP problem go te dté.

Step 17: Stop.

10



Emam et al.; JAMCS, 23(4): 1-19, 2017; Article #AdVICS.34811

4.3 A flowchart for solving FFMLLPP

Formulate FFMLLP
problem

Convert FFMLLP as .

problem (4)-(5) Seti=1
Calculate best and worst Convert I-LDM into non-fuzzy

solutions for I-LDM ] problem by bound and

problem decomposition method
Yes No
Set k=0 i=i+l

v

Solving the I-LDM

problem by using the €
-constrain

v

£ ~F <~F = N S-S -
Given )~(1: )~(]|Tto the zF :|||i(x!f,x2,x3, %:)Z-(X!l:;gx?’ 'ﬁs)lk
S Lom 15 6 555G -8)
No Yes F .o 3 )
Set k=k+1 (xlF,xg,xg...,mS)’ Isa
preferred solution
v
F S )5 1)th
_gFg _¢ SV (11
given Xl_xl’XZ_XZ"'and Xn—l_ nd
to the mth LDM
v
- m-l)th m-l)th - m-l)lh h
S Wy O 8ol ™ of 8 Rl
th :
[y O 35 AT o
No ves O 53t i 19
preferred solution

11
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5 Numerical Example

Consider the following example of fully fuzzy thrksel linear programming (FFTLLP) problem:
[1St Ieveﬂ :
rr;i\xli 811,150 x0( 1,3)0"40( 2587 x ,
where, ;% solves,
[anleveﬂ:
n)n(:;xlz2 =4,7,9070( 6,120,927 x0( 3,817 x ,
where; solves,
[Srd Ieveﬂ :
r§1~(ax~3 = 7,10,1p07x0( 5,9,30%,0(10,13,10 %

3
subject to

(1.230%0(5,6,80%0( 3,5p07x<( 20,2550 .
(4.8130%0(1,3,$0 %0( 2,3 417 <( 18,230
(5,92100%0( 24,70 %0( 1,2)507 ¥<( 27,3255
X e O
Y(lz(xl,yl,z]) ,~x2:( x2,y2,z} ,~x3:( xgygz}%:Fl{: vl,vz\a?;, Fzé vV W, )

and

F3 = (V7 , V8’V9)’ then the (FFTLLP) problem may be formulated éie¥es:

12
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[1St Ieveﬂ :

e g (o133 4y 40 197( 5 300 258 g 9

where( &&Zz) Q é%zg solves,

[an Ieveﬂ :

g (s 1479 1y 40( 61002( 54 400 39Tgv57d.
Where( %% 23) solves,

[3rd Ieveﬂ :

(XBT;Z,XZ?J(W’%’@)#ZlO’lﬂ]( £y 40 59)m( ¥ y §0( 101908x 7 )
subject to

(1:230(% %.3)0(5.657( % .y Z0( 359 ¥

(4,8,1:)D( ﬁ,)i,zl)D(l,S,QD( % )QZZ)D( 2,3,)4]( X% %s( 18,2340 ,

(59190( %.y.7)0( 2410 % .y .40( 1.98( ¥ .y $=( 27.3355,
XX gYYdEFg O

¥ $<( 20,2550 ,

By using the arithmetic operations in Definitiorb 2nd the bound and decomposition method [8], there
the (FFTLLP) problem above became non-fuzzy thrémsel multi-objective linear programming
(TLMOLP) problem as follows:

[1St Ieveﬂ:
XY =8y 5+ 2,
rr)w/axv2 :1131 +33é +5¥3,

1
mzzitxv3 :15i +7§ +8§ ,

where % % 3] ( % 5.3 sobve

13
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[an Ievel} :

rr>1(2xv4 = 4x1 +6x2 +3x3,
n)w/ng5 = 7& +10y2 +8)é ,
n}gXVB =921 +1222 +11§ ,
where( %% 23) solves,
[3rd Ievel} :

rr)l(ng7 = 7)& +5x2 +10>% ,
n}gx Vg =103ﬁ +9y2 +13)é ,
rr%ngg =122l +11z +16§ ,
subject to

G={>cl+5x2+3x35 20,
4{ +% +2>§s 18,

s)i +2>§ + %< 27,

ZX +6)é +5%s 25,
8{ +3)é +3§s 23,
9& +4)2 +2)és 32,
31 +8§ +9§s 50,
111 +6é +4§s 40,
10f +72 +6§s 55,

XX X30Y1: Y20 Vg0 202,22 O

After applying the bound and decomposition methadttee (TLMOLP) problem, the individual best and
worst fuzzy solutions are obtained in the followtagles:

Table 1. Theindividual best fuzzy solution of the TLMOLP problem

Individual best fuzzy solution

FLDM (i=1) SLDM (i=2) TLDM (i=3)
X, (1.176, 1.176, 1.83¢ (15,15 1.5 (1.176, 1.765, 1.83¢
x; (1.047, 0,0 (3.667, 3.667, 3.66. (0, 0, 0
X; (4.529, 4.529, 4.94 (0, 0, 0.375 (4.529, 4.529, 4.9
=" (19.518, 35.588, 67.12  (28.002, 47.167, 61.6f  (53.522, 70.647, 101.1}

14
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Table 2. Theindividual wor st fuzzy solution of the TLMOLP problem

Individual wor st fuzzy solution

FLDM (i=1) SLDM (i=2) TLDM (i=3)
X, (0,0, 117§ (0,0 15 (0, 0, 1.17§
x, (0,00 (0, 0, 3.667 (0,0,0
x; (0,0, 4529 (0,0,0 (0, 0, 4529
-~ (0, 0, 53.882 (0, 0,575 (0, 0, 86.58%

Using e-constraint method [20] and the solution of FLDMlplem, its equivalent single objective function
can be formulated as follows:

[1St Ievel} :

Xy =8+ + 24,

subject to
G,
11y +3y +5%> 35.58
15f +7§ +8§2 67.12

Then the  solution of FLDM is X1 = 4.5, X = 0, X = O,)i =1.176, ¥ =

y3= 4,529, 3 = 1.83¢ Z, = 0, Z3= 4.94:, Uk 36 wheres; = 1and SF = 0.5 are given by
FLDM.

Using e-constraint method [20] and the solution of SLDMMgem, its equivalent single objective function
can be formulated as follows:

[anleveﬂ:

axy, =4 +6x 35,

subject to
> G,
7X +10¥ +8¥2 42.4F

9} +12§ +l]32 61.2

15
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So the solution of SLDM is

X :3.68,x2 :3.26,§ :0,¥ :0.214,21 :4.0953y0,:21:0,22:5.1,23 =C

1
Vg = 34.3158and Sy = 0.9

By using the FLDM test function to decide whethae solution is acceptable or not(Stf XS g‘)

preferred solution to the FLDM upon following test:

I 043 35)-F 0 2v>‘s)||2< F
w@é@b

JF_ ~S_ S
Where X} =(4.51.177,1.830"3 = ( 3.26,4.0955.13%(  0)0

|(36,35.592,67.191(- 21.26,25.232,63 Jj85

|(21.26,25.232,63.245, 0.258< 0.

Then

So ( xF g 3) is a preferred solution of the FFMLLP problem.

Similarly, do the same way on the SLDM and TLDMhtve the following results:

By applyinge-constraint method [20] and the solution of the NLOts equivalent single objective function
can be formulated as follows:

[Brd Ievel} :

I’T)](gXV7 = 7)1 +5x2 +10>§
subject to

x0G,
10y, +9y, +13y,> 70.647,
127 +11z, +16z> 101.14

16
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The solution of TLDM is

x1:1.4,x2 =0, x3 :6.2% :1.176,2( :O,é/ :4.52912 1.839,z,=C

2
23 = 4,943, v = 71. Where53 =land 88 = 0.5 are given by SLDM.

By using the SLDM test function to decide whetter solution is acceptable or not éfojl_:, f(g, :I:-,’) is

preferred solution to the SLDM upon following test:
T S <SS + (F<S~ T
IR645555) R0 53l s
I, 64 35 X)L

-F_ ~S_ o
Where X =(4.51.177,1.83p ,g—( 3.26,4.095,F and X5 =(6.2,4.529,4.94¢

|(37.56,53.34,77.791(- 56.16,89.572,132){124

Then =0.40147< 0.
|(56.16,89.572,132.134,

So (x'lz,xg,xg):((4.5,1.177,1.83)9(, 3.26,4.0955(1 , 6.829,4.94) is a preferred

solution of the FFMLLP problem, which means that tiptimal fuzzy solution is

Table 3. Theindividual best fuzzy solution of the TLMOLP problem

Individual best fuzzy solution

FLDM (i=1) SLDM (i=2) TLDM (i=3)

X, (4.5,1.176, 1.83F (3.68, 0.214, P (1.4, 1.176, 1.83F
x; (0,0, 0 (3.26, 4.095, 5)1 (0,0,0

X; (0, 4.529, 4.94p (0,0,0 (6.2, 4.529, 4.94%
~" (36, 35.581, 67.12 (34.28, 42.448, 61). (71.8, 70.637, 101.1%

Finally, by using the result found in O. Emam et[all]we get a better result in the proposed algorithm
other one we can introduce this at this table

In comparing between the result found in O. Emaral.ef21] and the proposed algorithm, the resutiveh
that the proposed algorithm better than the réeuhid in O. Emam et al. [21], the table below idtioe the
following:

Table 4. Comparison between theresult found in O. Emam et al. [21] and the proposed algorithm

Level Theresult found in O. Emam et al. [21] The proposed algorithm
FLDM (12.536,31.54,58.059) (36,35.581,67.129)
SLDM (16.344,45.814,70.2 (34.28,42.448,61..
TLDM (18.526,59.326,84.489) (71.8,70.637,101.156)
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6 Conclusion

This paper was proposed an interactive approacfintbthe solution of fully fuzzy multi-level linear
programming problem where all of its decision pagters and variables are fuzzy numbers. Firstly, the
problem under consideration was converted into fo@ay multi-level multi-objective linear programngin
(MLMOLP) problem by using the bound and decompositinethod. Secondly, the MLMOLP problem be
simplified by transforming it into separate mulbjective decision-making problems with hierarchical
structure, and solved it by usingonstraint method.

However, there are many other aspects, which shibeldeconnoitered and studied in the area of fuzzy
multi-level optimization such as:

1. Interactive fully fuzzy multi-level multi-objectiviateger linear fractional programming problem.

2. Interactive fully fuzzy multi-level multi-objeiee integer linear quadratic programming problem.
3. Interactive fully fuzzy fully rough multi-levehulti-objective integer programming problem.
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