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Abstract

The study at hand presents a numerical method for simulations of the dynamics of slender rigid
fibers immersed in an incompressible fluid. The underlying mathematical formulation is based
on a slender body approximation as applied to a boundary integral equation for Stokes flow. The
curvature and torsion of the fibers can be arbitrarily specified, and we consider fiber shapes
ranging from moderately bent to high curvature helical shapes. Two different settings are
considered; naturally buoyant fibers in shear flow and heavier fibers sedimenting due to gravity.
The dynamics show a very rich behavior, with fiber trajectories that display a very different
degree of regularity depending on the initial conditions and fiber shape.
Keywords: Curved rigid fibers, helical rigid fibers, fluid dynamics, slender body theory,
sedimentation, shear flow, stokes equations.

1 Introduction

Understanding of translational and rotational motion of immersed fibers is an important concern
for many applications, such as pulp and paper industries, biological structures (e.g. D.N.A.) and
medical applications. Extensive work has been done in the field of fiber suspension flows.
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Orientation change of fibers in viscous flows was found by Jeffery [1] for the case of slow moving
flow past an ellipsoidal body. Gallily and Eisner [2] studied the gravitational deposition of fibers
in a constant gradient laminar flow. Gallily and Cohen [3] investigated the inertial collection of
fibers by spherical droplets by numerically solving the coupled equations of translation and
rotation simultaneously. Foss et al. [4], following the same approach, studied the collection of
fibers on spherical collectors in two dimensions. Chen and Yu [5] studied the sedimentation of
uncharged and charged fibers in a horizontal circular duct. They presented semiempirical formulas
for fiber deposition efficiency.

With the development of computational fluid dynamics, the numerical simulation of fiber
migration in a viscous fluid has become an effective tool to study fiber orientation [6,7,8,9],
avoiding difficult or impossible theoretical derivations. Sugihara-Seki [9] evaluated the fiber
motion in a paraboloidal flow using the finite element method, with results that did not quite agree
with Chwang’s results [6] because of the bounded wall effect.

Additionally, this work was limited to planar fiber motions and ignored three-dimensional fiber
migrations. Feng et al. [8] used the method proposed by Hu et al. [7] to simulate the fiber motion
with two-dimensional finite element simulations. Unfortunately, the two-dimensional problem
ignores important three-dimensional flow behavior. Zhang et al. [10] presented an approach that
addresses the general three-dimensional motion of an axisymmetric fiber with various geometries.
Zhang et al [10] demonstrated that fiber shape had a significant impact on the fiber orientation,
which would affect the rate of fiber alignment in short-fiber-reinforced composite materials.

Shelley and Ueda [11] developed a method based on the non-local hydrodynamic of the fiber.
They studied an extensible fiber in order to simulate a growing liquid crystal. Qi [12] studied
flexible fiber in a shear flow at finite Reynolds numbers. A flexible fiber was modeled as a chain
of spheres with different stiffness. It was observed that the rotation of a flexible fiber changes
from rigid fiber rotation to springy, then the more flexible fiber shows S-turn finally. Tornberg
and Shelley [13] employed non-local slender body theory to simulate single and multiple fibers
with free ends suspended in a background shear flow.

Our work presents a numerical method for simulations of the dynamics curved rigid fibers
immersed in an incompressible fluid. The underlying mathematical formulation is based on a
slender body approximation as applied to a boundary integral equation for Stokes flow. We
consider different fiber shapes ranging from moderately bent to high curvature helical shapes
according to arbitrarily chosen curvature and torsion.

2 Problem Formulation

The flows we are considering are at very low Reynolds numbers, so it is appropriate to consider
the Stokes equations. Denote the velocity field by u(x), the pressure by p(x), and let f(x) be a
force acting on the fluid, where x = (x,y, z) € R3. The Stokes equations read

Vp —uViu=f

V-u=0
where p is the viscosity of the fluid.
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Assume that we have a fiber in the flow, and let I be its surface and u be its surface velocity. A
no-slip condition is enforced on I" and we require that far away u(x) is equal to the background
velocity Ug(x), also a solution to the Stokes equations. Thus

u=u; onl
u — U, for ||x|| = .

A boundary integral formulation for this problem would end up with an integral equation on the
fiber surface [14]. In the case of slender fibers, numerical treatment of this problem would be very
expensive [15]. As a remedy, slender-body approximation suggests a reduction by replacing the
surface of the fiber with its centerline. This is done using fundamental solutions to Stokes
equations.

One such fundamental solution is the Stokeslet. If f = §(x — x')e;, where is e; the unit vector in
direction i, X is an observation point, x' is the source point and & is the three-dimensional delta
function, then u(x) = G(x — x)e; is a solution to the Stokes equations, with the Stokeslet tensor
given by

I+ RR

50 =R

where I is the identity tensor, R = x — x" and R = R/|R| is a unit vector.

Another fundamental solution, so-called doublet, can be obtained by differentiating the Stokeslet
with respect to the source point x'. The doublet is defined as

I-3RR
Gp(R) = “RE

2.1 The Slender-Body Integral Equations

In slender-body theory the solution is found by matching an inner solution for radial distances
much less than the fiber length to an outer solution value at radial distances much greater than the
fiber radius, with the inner solution satisfying the no-slip boundary condition on the fiber surface
and the outer solution satisfying the condition at infinity [16,17].

Let the centerline of each fiber be parameterized by arc length s € [0, L], where L is the fiber’s
length, and let x(s,t) = (x(s,t),y(s,t),z(s,t)) be the coordinates of the fiber centerline.
Assuming that the fiber does not reapproach itself, and the radius of the fiber is given by a(s) =

2&,/s(L — s), where € = % is the aspect, a slender body approximation of the velocity of the fiber
centerline is given by [17]

8ru(u(x(s, t),t) — Ug(x(s, 1), 1)) = —A[f](s) — KIf](s) 0.1)

where f is the force per unit length on the fiber. The local operator A[f](s) is given by
Alfl(s) = [—c(1+ TT(s)) + 2(1 — TT(s))]f(s), 0.2)
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and the integral operator K[f](s) is given by

K1) = [

0

f(s) —

L1+ R(s,s)R(s,s) [+ T(s)T(s)
R A L) LS

Here R = x(s) —x(s), R=R/|R| and T is the tangent vector defined. And RR and TT are
dyadic products, i.e. (ﬁﬁ) = R;R;. The constant ¢ = log(e?), ¢ < 0.

The operator K[f] (s) is a so-called finite part integral as each term in the integrand is singular at
s' = s, and the integral is only well defined when the integrand is kept as the difference of its two
terms. Note that the operators A[f](s) and K[f] (s) both depend on the shape of the fiber, as given
by x(s, t). The asymptotic accuracy of Eq. (0.1) is 0(g2log(¢)).

The immersed rigid fiber performs a rigid body motion, in this situation the velocity of the fiber is
given by the formula [18]

u(x(s, t)) =V+Qxx(s,t)—x.), XeT 0.4)

where X, is the center of mass (the centriod in case of the centerline), V.= (V,,,,V;) is the
translational velocity and Q = (wy, wy, ;) is the rotational velocity. Then Eq. (0.1) can be
rewritten as

8m4v+nx@@o—xg—udﬂaon=—mUKg+KUK@y%m¢] 0.5)

To close this system of equations we need to impose the constraints that the integrated force and
torque over the fiber equal to the externally applied force and torque, i.e.

L L
f f(s)ds =F,, f (x—x.) xf(s)ds =L (0.6)
0 0

The system of equations (0.5)-(0.6) is solved for velocities V and Q, and the force f. In the case
that there is a density difference Ap between the fiber and the surrounding fluid, F, = A”Lg” e,
where g is the gravitational acceleration and v is the volume of the fiber, assuming that the gravity
is acting in direction of €. If we consider the case of naturally buoyant fibers, as is of interest for
example for fibers in shear flow, then simply F; = 0. In both cases L = 0, since there is no

externally applied torque.

To evaluate the rigid fiber rotation, we define an orthonormal frame {T, N, B} fixed to the fiber
and update the frame together with the location of the center of mass [19,10], i.e.

%, =V, (0.7)
Q=0x0Q (0.8)
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where Q = (T N B)”. Eq. (0.8) can be written as

0 =BQ 0.9)
0 —w, Wy
where B =| w, 0 —wy |.
—Wy, Wy 0

2.2 Non-Dimensionalization

2.2.1 Shear flow

Assuming Uy(x) to be a shear flow of a shear rate y, we non-dimensionalize Eq. (0.1) by
introducing the following characteristic parameters:

characteristic length: Lo = L
characteristic time: t, = 8m/y
characteristic velocity: U = yL
characteristic force: f = 8mulLy

Then we define the dimensionless variables X* = X/L. , u* =u/U, , t" =t/t; and f* = f/f,.
Substituting these variables in Egs. (0.1) and (0.6), we obtain

(u*(x") — Ug(x")) = —(A[f*](s) + K[f*](s)) (0.10)

Now, dropping all * superscripts, we get with the non-dimensional version of Eq. (0.1)

(u(x(s,)) = Ug(x(s5, ) ) = —(AIf 1(s) + KIF1(5)), se[0,1] (0.11)
And

1 1
f f(s)ds =0, f x—x.)xf(s)ds =0 0.12)
0 0

such that s € [0,1]. Thus, Eq. (0.11) is controlled only by the parameter ¢ = log(e?) that appears
in the definition of A[f ] in (0.2).

2.2.2 Sedimentation due to gravity

To non-dimensionalize Eq. (0.1) in the presence of gravitational forces, we use the following
characteristic parameters:

characteristic length: L, = L

C e 8myL?
characteristic time t; = ==
Apgv
- . . Apgv
characteristic velocity: U, = =292
8muL
Apgv

characteristic force: fo = =
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Similar to the shear flow case, we define the dimensionless variables X* = x/L. ,u* =u/U.,
t* =t/tc and f* = f/f; . Substituting these variables in Eqs. (0.1) and (0.6) and dropping all *
superscripts, we get with the same dimensionless equation as in(0.11), and

1 1
f f(s)ds = ey, f x—x,)xf(s)ds =0 (0.13)
0 0

such that s € [0,1], where gravity is acting in the direction of e,.

2.3 Regularization of K[f |

Each term in the integral kernel of K[f ] (see Eq. (0.3)) is singular at s’ = s, and the integral is
only well defined when the integral kernel is kept as the difference of its two terms. To overcome
this problem, we introduce a regularized integral operator Kg[f ], defined as

L1+ R(s,s)R(s,s") I+ T()T(s)
K;lf = f(s") — f ds’. 0.14
S1016) = | | RS E ) e ) s (014

where 6 € R.

Tornberg and Shelley [13] defined § as a function of s such that §(s) = §y@(s), where §, = me,
m > /2, and ¢(s) € C*(s) is given by

w(s/y), 0<s<y
(p(s)=Il, y<s<l-y (0.15)
w((1—=5s)/7), 1-y<s<1

where w(®¥) = 9%(3 — 29).

The regularized integral in Eq. (0.14) differs by 0(82 log§) to the unregularized one (for the
proof see [13], p 35).

2.4 Multiple Fibers

In the case of multiple fibers, we introduce an indexing and denote the fibers by I,
n=1,..,N, and the coordinates of the fiber centerline by
X, (5, t) = (xp (5, 1), ¥n(s,t), 2, (s, t)). For fiber I;,, we have [17].

8u(u(Xy, (s, £), ) — Up(Xn (s, ), 1)) y

= —A,[f,](s) — Ky [£,1(s) + Zf GRS, (s")ds’ (0.16)
Iy

1=1"11
l#n

where R,(s,s") =x, (s,t) —x,(s’,t) ; R, =R;/IR;| . The sum over frl G(R)f,(s")ds’

represents the contribution from all other fiber to the velocity of fiber n, and G(R;) is given by the

138



Al-Hassan; BIMCS, 5(2): 133-158, 2015; Article no.BJMCS.2015.011

sum of a Stokeslet and a doublet,

0.17)

where a is the fiber’s radius. Similar to equations (0.2) and (0.3), the operators A, [f,](s) and
K, [f,.](s) are given by

AL [f1(s) = [—c(T+ ToTo(s)) + 2(1 = T, T, () |£n (), (0.18)
And
I1+R,,(s,s")R,(s,s") . I+ T,(s)T,(s) ,
Kn[fn](s) = frn ( R f.(s") —an(s)> ds' (0.19)

Here R,,(s,5") = x,,(s) — x,(s), R, = R,,/|R,| and T, is the tangent vector of the centerline of
fiber n.

The dimensionless version of Eq. (0.16) for a shear flow can be written as

N

1
(a0 0) = g (05, ) = ~Anla](5) = Kl ) + . | GRIAGNAS 0,20
0

=1
l#n

se[0,1], where u(x,) =V, + Q, x (x, — x,, C), V,, and Q,, are the translational and rotational
velocities, respectively, of fiber I, and X, . is the centriod of the centerline of I7,.

In order to close this system of equations we need to impose the constraints that the integrated
force and torque over each fiber equal to the externally applied force and torque, i.e.

1 1
f f,(s)ds =0, f (Xn = Xp,) X f,(s)ds = 0 (0.21)
0 0

3 Numerical Treatment

To define an instantaneous position of the immersed fiber, we need only to update the reference
point, X., and the orientation (i.e., tangent) vector T. First the translational and rotational
velocities, V and Q, have to be determined by solving the dimensionless versions of Egs. (0.5)
and (0.6). Then the reference point and the orientation can be updated using Eqs (0.7) and (0.8).
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3.1 Updating the Fiber Position

To update the position of the fiber, Eqs. (0.7) and (0.8) must be discretized in time. A forward
time scheme can be used for this purpose since there are no terms in the equations that impose a
strict stability restriction. We have used the Adams-Bashforth 2-step method which is an explicit
second order multi-step method.

Starting with ¢, = 0, let the time step At = t, — t4_; where t; = qAt, g = 0,1, .... And denote x4
the numerical approximation of X (tq). Then the discretization of Egs. (0.7) and (0.8) can be
written as

At
X+l = x4 4 7(3‘/:1 -ViY ,g=1.2,.. (0.22)
and
QI+ = e%(agq_gq—l)qi q=12,.. (0.23)
0 —w,(ty)  wy(tg)
where BY = w,(tq) 0 —wy(ty) |
_wy(tq) wx(tq) 0

The discretization (0.23) yields a method where the triplet of vectors (T,N,B) remains an
orthonormal frame up to round-off errors. In the first time step, x* and Q* are computed with the
first order forward Euler method.

3.2 Discretization of the Integral Equation

In this section we introduce the discretization of the dimensionless integral equations (0.11) and
(0.12) for a shear flow. Similar discretization can be done in the presence of gravitational forces.
First we rewrite Eq. (0.11) using the regularized integrand K[f ] as

V+Qx&x(s,t)—x.)+A[f](s) + Ks[f1(s) = Uo(x(s))

1 1
j f(s)ds =0, j (x—x,) xf(s)ds=0 ©.24)
0 0

The centerline x(s, t) will change with time. At each instantin time, we need to solve (0.24).
Dropping the index notation with respect to time, we denote X; = x(s;) and f; = f(s;). Then the
discretized version of Eq. (0.24) can be written as

V+ QXX —x)+A[f](s) + Ks[f1(s;) =Up(x,),i=0,...,.M
M

M

2
Za’ifi=0 , Zai(xi_xc)Xfizo 029
i=0 i=0

As/2 ,i=0,M

where a; ={ As 0w
, 0.
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The unknowns are the vectors f;,i =0,..,M, together with V and Q, a total of 3(M +1) + 6
unknowns. The number of equations is the same, with 3(M + 1) equations on the first line of
(0.25) and the remaining 6 on the second line. Note that the centroid X, = (x., ¥, z;) is
computed as [20].

M M M
_ 1 z _ 1 z _ 1 z 0.26)
xC_M+1,0xi’yC_M+1,0yi’ZC_M+1,OZi :
= = 1=

3.3 Evaluation of Kg[f |

Rewrite Ks[f ](s) as two separate integrals, I; and I,

1+ R(s,s)R(s, s") I+ T(s)T(s)

VIR(s,s)|? + 62 ViIs=s'? + 62

11(s) I2(s)

f(s)ds'

Ks[F1(s) = fo 027)

1
f(s")ds' +f —
0

The first integral I; can be approximated using trapezoidal method, i.e,

M _ _ M
I+ R(s,s;)R(s,s;
@ + (5 51) (5 51) f

hs) = Z J j = ZK1(5rsj) f;
i=o IR(s,s;)|* + 62 j=0 (0.28)

Ky (s.55)

The second integral I, can be evaluated analytically. As the integral

1 1 JE=12+62+s5-1
J ————————ds' =log
0o AIs—s'I2+8? Vs2+62+s

then I, can have the following closed formula

(s=1D%2+4+62+s5-1
V71 o2 +s

Ka(s)

L(s) = log( > [T+ T()T($)]£(s) = K, (s)f(s) (0.29)

K; and K, are 3 X 3 matrices. Then

M
Ks[f15) = ) Ka(s,55) £+ Ko () Cs) (0.30)
=
Now we write an approximation of Kg[f ] as
M
Ks[f](s;) = z Ki(si,sj) £+ Ko (s, i=01,..,M 0.31)
7=0

141



Al-Hassan; BIMCS, 5(2): 133-158, 2015; Article no.BJMCS.2015.011

Eq. (0.31) can be written in matrix form as

K1(59,50) + K2(S0) K1(s0,51) KI(SO'SM) [ fo ]
Ky[f] = K1(s1,50) Ki(s1,51) + K5(s1) ]| h |
8 | : Ki(Sp-1,5m) hf |
ACHED K G Sw=1) Ky Gsan,5ur) + Ko ()] | MIJ
%
Ks[f] = KF (0.32)

where K is 3(M + 1) X 3(M + 1) matrix and F is 3(M + 1) column vector. Note that f; =
(fix fiy fiz)T.

3.4 The Rest of the Equation

Similarly we discretize the rest of the equation:

Alf1(sp) = [-cA+T; T) + 20— T; T)I f; = D(spf; (0.33)
D(s) '

where D is a 3 X 3 matrix. In matrix form, Eq. (0.33) can be written as

f
D(sg) 0 - 0 [f2]
Alf1(s) = ?D(Sl).,_ 0 ©|=DF (0.34)
0 - 0D(sy)l|fm-1
) fu
F

where D is 3(M + 1) X 3(M + 1) matrix, and 0 is a 3 X 3 zero matrix. The velocity term
(V+ Q x (x; — X)) can be written in matrix form as

[ I 00]
| T 04|V
o 0.35
o (0.35)
I Oy
3(M+1)X6
where [ is the 3 X 3 identity matrix, and
0 (xi - xc)z _(xi - xc)y VvV
0; = |-(x; —x.), 0 (X; —Xo)y |, and =WV o o, o]
(Xi - Xc)y _(Xi - Xc)x 0 Q
The right-hand side can written as
Uy = [Up(xg) Up(xy) - Up(xy-1) Up (XM)]T (0.36)

where Uy (x;) = [Up(X)x Uo(x;)y Up(x),]7.
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3.5 Constraints

We used trapezoidal method to approximate the integral over the force and torque. These
approximations can be written in matrix form as

M fo
Z af; =[ad al -~ ayll| =0 (0.37)
i=0 3x3(M+1) f
M
and
M fo
Z a; (x; —x) X f; = [aCy a0y - ayCy] “I=0 (0.38)
i=0 3X3(M+1) f
M
where
0 _(xi - xc)z (xi - xc)y
C; = (Xi - Xc)z 0 _(Xi - Xc)x
_(Xl' - Xc)y (Xi - Xc)x 0
3.6 Full System

Using Eqgs. (0.32) - (0.38) the full system can be presented in matrix form as

A

X &
I 0O | 11V 1 Uy (X))
r o, | Q Up(x4)
: [ K+D fo
| L1l ¢ | suax=s (0.39)
I 0y | :
—————— = == == Uy (xy)
0 0 | a - ayl ||fM 0
[0 0 | aCy, - ayCyllfut L 0
3(M+3)x3(M+3) 3(M+3)x1 3(M+3)x1

where K and D are defined in equations (0.32) and (0.34) respectively. Now we can solve for X
to find the velocities V and Q, and the forces fj, ..., fy.

4 Multiple Fibers

In addition to what we have done in sec 3, we discretize the integral term fol G(RHFY(s")ds' in
Eq.(0.20). First we rewrite Eq. (0.20)as
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V7 +Q" x (x™(s) —x¢) + A" [(s) + K" 5[f" ]1(s)
N

- z le(Rl(s,s’))fl(s’)ds’ = Uy (x"(s)) (0.40)
0

=1
l#n

For simplicity, let us write G(s,s") = G(R!(s,s")). We use the same method that we have used in
sec 2.2. The centerline of fiber [ is discretized by the parameter s]-’ =jAs',i=0,1,..,M, where
As' = 1/M. Then the integral term can be approximated as

M
1
J G(s,s") fi(s")ds' = Z a; G(s,s}) f} 0.41)
0 =
As'/2 L j=O0M

where a; = {
J As' , o.w

Then we discretize the centerline of the fiber n by the parameter s; = iAs,i = 0,1, ..., M, where
1 . .
As = " The equation and the constraints become

N oM (0.42)
VI Q7 (= XE) + ATTER T KSR T = ) 6 Gsi ) £ = Ugx)
=1 j=0
l#n
M M
Zaif{l -0, Zai(x;l—xg) X £ = 0
i=0 i=0

According to Eq. (0.39) the quantity (V" + Q" x (x} — x¥) + A™[f]* ] + K" 5[f]* ]) can be written
in matrix form as

AX™ = " (0.43)
where
[ 00 VI Ul
ror 2 Uy (x1)
: | K™+ D" fo
fn
A" = | xm=| T e =
I oy | :
-— = —= == - - - - . Uy (x3)
0o o0 | aol ayl -1 0
[0 o | aCl ay ClL] L fy Lo

where K™, D™, O and C[* were defined in Egs. (0.32), (0.34), (0.35) and (0.38), respectively, as
‘(}C, D, Oi and Ci'

The remaining summation term can be written in matrix form as
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aG(sq,50) a1G(sg,51) - aMG(So,Sm)][ f(l) ]
w (o |a0G(sl,so) a;,G(sy,8)) . : I f! |
Z% G(si, s) f] : | (0.44)
j=0 ’ HfM 1J
aoG(sy, s§) anG(sy, sl £l
= anl ,l n
where s;el}, and s’; €}, i,j = 0,..., M.
Let H,; be
0 0 | :
0 o |
| Hnl
oo = I
"o o | (0.45)
0 0 [ 0 - 0
L 0 0 [ 0 0 |
(3(M+1)+6)x(3(M+1)+6)
Then the full system for N fibers can be written as
[A' Hiz Hiz Hw | [X] [4)]
|351 A> H Hay |1 X [ 47
|93 352 A 3 s || |||
P ) ; (0.46)
| AN }[(N 1)N xzv 1 N1
lﬂm Hy, - }[N(N—l) J l l(yN J
3N(M+3)X3N(M+3) 3N(M+3)x1 3N(M+3)x1
AX =4

Now we can solve for X* to find the velocities V" and Q", and the forces fg, ..., f3; for each fiber
rm.

5 Convergence and Accuracy

Since the exact solution of the problem is not known, to test the convergence of our numerical
method a number of test runs are performed for different time-step, At, and spatial-step As. Unless
mentioned otherwise, all runs are performed with constant shear rate y =1, and constant
curvature (k = 20) and torsion (T = 4).

The order of convergence is determined by measuring the difference in fiber positions at the end
time (t = 1) of consecutive solutions that are computed by changing one of the parameters while
the other is kept fixed. The fiber position and orientation vectors are updated using the second
order methods in Eq. (0.22) and Eq. (0.23), respectively.
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To check the convergence in time, six sets of runs have been made with
1 . . .. . .
At = —,—,—,—,— and —. For the fiber with position (X,y,z), obtained with At and for
32764’ 128 256’ 512 1024 At
the same fiber but with position (R, ¥, Z) obtained with S we define the difference as

1
2

M
1
e= MZ(xi — %)%+ i — 9% + (i — 2)? ©.47)
i=0

where X, y, z, and %, ¥, Z are (M + 1) column vectors. The results are presented in Fig. 1. We
used As = i (M = 63).

Based on the consecutive solutions, the rate of convergence varies between 1.995 and 2.009
which is very close to the second order accuracy expected for our numerical method. Moreover, in

this case we got an error of order 10™* when At = % ~ 0.0313 which is sufficiently accurate for
our purposes.

10° : :
4 3 2 -1
10 10 At 10 10

Fig. 1. loglog plot of the error in fiber position plotted as a function of At at the end time

; -1
t = 1. In this case As = o

As for spatial convergence, we performed five runs with As = 1_16’5’&'718'21?' In the same
manner, for the fiber (X,y, z) obtained at t = 1 with As and for the fiber (%, §,Z) obtained at t = 1
with %, we define the difference as before. The results are given in Fig. 2. Here we used At = é
The rate of convergence varies between 1.866 and 2.340. In this case the error is of order 1073

when As = — = 0.0313.

32
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10’ 5 . . . P \72 —
10 10 10
As

Fig. 2. loglog plot of the error in fiber position plotted as a function of As at the end time

t = 1. In this case At = %

Note that the same approach has been followed to determine the rate of convergence in the case of
single fiber sedimenting due to gravity. Almost the same rates of convergence have been gotten.

Time refinements gave a rate varying between 1.98 and 2.01, whereas spatial refinements gave a
rate between 1.78 and 2.16, which are, as expected, very close to second order accuracy.

6 Numerical Results

6.1 Shear flow

In this section, we present numerical simulations of a single fiber suspension in shear flow, and
discuss some results.

Fig. 3 presents the configuration of the fiber at three different times of a simulation with single
fiber in shear flow with constant shearratey =1 (U, = y) .

In Fig. 3, the initial orientation has been determined according to the initial frame Q, =

1
(Ty Ny By) where T, = m(l 0.2) = (0.9806 0 0.1961), Ny =(010) and B, =T X N.
As in previous section, we used constant curvature (x = 20) and torsion (7 = 4). The aspect ratio

used in the simulation is € = 0.0001, As = é and At = %

Jeffery [1] studied a single ellipsoidal fiber rotating in a Newtonian, incompressible,
homogeneous flow. In Jeffery’s theory, the fiber orientation is defined by three angles (¢, 8,1) in
terms of the global coordinate system xyz, where a local coordinate system x' y'z’ translates and
rotates with the fiber [1,10,21], see Fig 4. Jeffery assumed that the ellipsoidal fiber’s center
translates with the same linear velocity as the undisturbed simple shear flow evaluated at the fiber
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centroid. Formulas of (¢, 6,3) have been found by Jeffery. Jeffery’s formulas predict a
periodical behavior for a fiber in a pure shearing flow with an orbital period [22].

t=0 t =50

02— - 71

/
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/

0.1 _ - -0.1

’

|

|

B |

0.15] - 1 |
1

|

|

0.050 - | -0.15

/

-0.2

/

-0.25

’

- ——F ===

-0.3

-0.35

-0.4

. 3
y 36.95

k=20and T=4 att =0,t =50 and t = 100 in shear
flow

% y 4
Fig. 4. Coordinate system for ellipsoidal fiber suspended in a shear flow

Unfortunately, we don’t have such formulas for the same angles in the curved fiber case;
therefore, we defined the angle 6 as the angle between the helix axis and the xy-plane. This angle
will give an indication about the fiber orientation.
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The helix axis needs to be determined first. Many approaches have been suggested to define the
helix axis [20,23,24]. Here we will use the method suggested in [20]. Approximate local
centroids, x5 = (x}, vy, zL), of the helix were determined by dividing the helix into parts and
computing the centroid of each part. The helix axis will be the line that passes through these. Once
we have the helix axis, we compute the angle 6.

In Fig. 5, the angle 6 is shown as a function of time t. Looking at Fig. 5 we see that there is a drift
between t = 0 and t = 100, the drift mainly occurs due to the initial orientation of the fiber. This
can be explained by observing the dynamical process. After some time, t = 100, 6 starts having a
periodic behavior with a period of length T = 10.4 and lies in the interval (0.38, 0.62).

1.6

Fig. 5. Angle 6 as a function of time t for a helix

To make a comparison, we perform a run of a straight fiber, i.e. Kk = 0 and 7 = 0. All other
numerical parameters are kept as we defined them for the curved fiber case, ie. Ty =

(0.9806 0 0.1961), Ng = (01 0) and By = T X N, £ = 0.0001, As = —and At = 1/32.

In this case we measure the angle O5qign; between the fiber’s centerline and xy-plane. In Fig. 6,
Ostraighe 1s shown as a function of time. As expected, we have a periodical behavior and we
compute the period T = 3.625.

Back to curved fiber, with the same numerical parameter but the initial frame, we performed three

runs using three different initial configurations according to T, = (1/{/1 4+ T2) (10 T,), where
T, =1,0.2 and 0.

In Fig. 7 the trajectory of the centroid in xy-plane is shown. We observe that we have periodic

trajectories with different periods according to the initial orientation. Moreover, we can see that
the initial orientation strongly affects the drift of these trajectories.
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straight

45 50

=1

=0.2

———--T,=0

0 10 20 30 40 50 60 70 80 20 100

Fig. 7. Trajectories of the fiber’s centroid with different initial configuration in shear flow
6.2 Sedimentation

In this section the case of one single fiber sedimenting due to gravity is considered. The gravity is
acting in the negative z-direction. First, we investigate the fiber’s sedimentation speed by
performing a run using the same previous numerical parameters. Fig. 8 presents the sedimentation
speed as a function of time ¢t. Looking at Fig. 8, we observe that the speed fluctuating between
1.21 and 1.42. The reason behind this fluctuation in the speed is that orientation of the fiber is
changing with time.
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For example, between t = 11 and t = 15, the sedimentation speed increases from a local bottom
1.2149 to a local peak 1.3753. The orientation of the helix axis within this time interval varies
from 6 = 1.11 rad at t = 11 to being almost parallel to xy-plane with 8 = 0.0039 rad att = 15,
see Fig. 9(a), and the speed starts decreasing after ¢ = 15.

t=15

Sedirertation spesd
3]
T
L

Fig. 8. Sedimentation speed of one fiber

In Fig. 9, the angle between helix axis and xy-plane within the time interval [11,15] is shown (a)

as a function on time, and (b) as a function of sedimentation speed. According to Fig. 8 and Fig. 9
we conclude that the sedimentation speed decreases as 6 increases.

@ (b)

1.4 ‘ ‘ ‘ ‘ 1.4 : :

0.8}

0.6

0.4}

0.2

1.25 1.3 1.35 1.4
t Sedimentation speed

0
10

Fig. 9. Angle 6 between the helix axis and xy-plan within the time interval [11,15] (a) as a
function of time (b) as a function of sedimentation speed

Using the same run we plot the trajectory of the fiber’s centriod in xz-plane, see Fig 10, where we
note a drift and irregular displacement in the x-direction.
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Next we performed three runs where T, = 0 and the other numerical parameters were kept as
previously determined. However, we used different curvatures and torsions. We considered the
following combinations: (k = 1,7 = 1), (k = 10,7 = 10) and (k = 30,7 = 10).

0 \ T T T \ T T
| | | | | | |
| | | | | |
20 - — — — 4 - - ————— F R — T e e e e S - - —
| | | | | | |
| | | | | | |
| | | | | |
Ba] e B [ e Jibian Sl ity
| | | | | | |
| | | | | |
60 — — — — 4 - - — - — R - — - 4 ___ [
| | | | | |
N | | | | | |
| | | | | | |
= e e T s el ety Bt T
| | | | | |
| | | | | |
100} — — — — NI [ - S [E—
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| | | | | |
| | | | | |
20 - - Vg - - - | T T T T [ L I I
| | | | | | |
| | | | | | |
-140 I I I I I I I
1.6 1.4 1.2 -1 0.8 0.6 0.4 0.2 0

Fig. 10. Trajectory of the fiber’s centroid in xz-plane

In Fig. 11, we present the trajectories of fiber’s centroids. They look very different from each
other. No conclusion can be addressed regarding the relation between the curvature and torsion,
and the behavior of the fiber. However, the figure can give indication about the relation between
curvature and sedimentation speed.
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""" e =1,1t=1
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-5 -4 -3 -2 -1 o] 1 2 3 4 5

Fig. 11. Trajectories of fiber’s centroids with different curvatures and torsions

Next we performed 15 runs with the same three combinations as above and for five different

initial orientations according to T, = (1/4/1 + T2) (10 T,) where T, = 1.3,0.7,0.2,0 and — 0.7.
Again, we observe that the initial orientation has a great influence on the fiber’s behavior. But
here we can see also the larger curvature we use the more regular trajectories we get.
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To have a better indication about the influence of the curvature on the sedimentation speed, we
perform four runs with fixed torsion T =10 and four different values of curvature, k¥ =
20,30,40 and 50, te[0,50]. The average sedimentation speed as a function of the curvature is
shown in Fig. 12. The thing that can be seen is that the larger the curvature we use the higher the
sedimentation speed we get.

1.6

1,55 -
150 -
1.451 N
141 R
1.35 -
131 -

1.25F b

Average sedimentation speed

1.2 ~

1.15 b

1.1 I I I I I I I
15 20 25 30 35 40 45 50 55

Curvature
Fig. 12. Average sedimentation speed as a function of curvature

Centroids trajectories in xz-plane and yz-plane are shown in Fig. 13. The figure agrees with the
conclusion that we have made before, moreover, we observe that the fiber with higher curvature is
sedimenting more perpendicularly than that with lower curvature.

0 . 0
-101 R -10¢ N
201 R 201 N
-30+ R -30¢ N
~N 401 4 ~N 40} R
-50 - R 501 N
-60 - R -60 N
| {
-70r - B =70t ¢ 1
N /
: |
-80 ; : -80 . .
-1.5 -1 -0.5 0 -1 -0.5 0 0.5
X y

Fig 13. Trajectories of the fibers centroids with x = 20,30,40 and 50 (a) in xz-plane, and
(b) in yz-plane
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6.3 Multiple Fibers

In this section we consider the case of multiple fibers sedimenting due to gravity. We present
numerical simulations of collections of 2, 3 and 4 fibers and discuss a variety of results obtained.
Here we are interested in identical fibers. To construct identical fibers we use the same initial
orientation frame, Qu = (Ty Ny By) and the same curvature and torsion, and we choose different
initial points, x(]), where j = 1,2, ..., N are the indices of fibers. Initially, we determined the initial
points as vertices of "N-sided" regular polygon.

First, we perform a simulation of 2, 3 and 4 fibers using the initial frame T, = ﬁ(l 0.2),

Ny =(010)and B, =T X N, k = 20 and 7 = 4. The average sedimentation speed is obtained,
see Fig. 14. Looking at Fig. 14 we observe that at the beginning the sedimentation speed is

slightly higher when N = 4, however, at the end of the simulation, the sedimentation speed for
different cases became much closer.

2 fibers
- 3 fibers
* 4 fibers

S mm A A———

SoI=.
[TTEY

S

Average sedimentation speed

ol

0o 10 20 30 40 50 60 70 80 20 100

Fig. 14. Average sedimentation speed as a function of time for collections of 2,3 and 4 fibers

Next, we perform a run with two fibers; one is located above the other and having the same axis
which is perpendicular to xy-plane. Let us call the upper one fiber-1 and the lower one fiber-2.

In Fig. 15, we present the configuration of fibers at four different times. Observing this figure, we
see that the vertical distance between the two fibers become larger over time, which means that
fiber-2 is sedimenting faster than the fiber-1.

In fact, the average sedimenting speed of fiber-2 is 1.3114 which is slightly higher than that of

fiber-1 that equals 1.2884. From the trajectories of the two fibers, we can note the very
different dynamic behavior of these two fibers with identical shapes.
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Fig. 15. Fiber configuration for 2 fibers with a vertical distribution shown at t = 0, t = 25,
t=59andt =100

The average sedimentation speed of the collection is shown as a function of time in Fig. 16. To
study the behavior of the fibers, we picked one local bottom at t = 50.0626 and a local peak at
t = 52.75. On the bottom the speed was 1.2325 whereas on the peak it was 1.3429.

1.45
1.4 t = 52.75, speed = 1.3429 4

!
5 1.35f |
E

1.25

) ) ) ) ) t= 5‘0.0625,‘speed = 1.2325 )
[0} 10 20 30 40 50 60 70 80 90 100

t

Fig. 16. Average sedimentation speed as a function of time for 2 fibers with a vertical
distribution

Examining the fibers at these two times and at a point in the middle, t = 51.375, we found the

behaviors are totally agreed with the conclusions we have gotten in single-fiber case. Separately,
the sedimentation speed of single fiber increases as 6 decreases.
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7 Conclusions

We have developed a numerical method for the simulation of curved rigid fibers immersed in
Stokes flow, based on slender body formulation, which we have applied to simulations of
immersed fibers in linear shear flow and sedimentation.

The slender body theory allows us to reduce a three dimensional problem to a set of coupled one-
dimensional integral equations along the fiber centerlines. The formulation is valid for Stokes
flow, and contains the aspect ratio €. The slender body equations are closed by imposing the
constraints of rigid body motions.

Manipulating the equations, we obtain a linear system of equations that needs to be solved to find
the translational and rotational velocities of the fiber, as well as the force distributions on each
fiber. Once the velocity coefficients are known, the positions and orientations for the fibers can be
updated by time-stepping separate ordinary differential equations.

We have performed simulations of single and multiple fibers in Stokes flows: shear flow and
sedimentation. Results from these simulations are used to investigate different properties of the
suspension such as orientation, trajectory and sedimentation speed of the fibers during the process.

It has been found that the translation and rotation of the fiber are very sensitive to the curvature.
We have found that the fiber with higher curvature translating (in shear flow) and sedimenting
(due to gravity) faster than the fiber with lower curvature. Moreover, the simulations have
demonstrated that the curvature of a fiber affects the translation and sedimentation trajectories.

In the helix case, we have found that the sedimentation speed is well correlated with the
orientation. There is a marked increase in the sedimentation speed as the angle between the helix
axis and xy-plane decreases.

In order to increase the number of fibers in our simulations, there are two main improvements to
be made. The first is to implement a fast summation strategy, such as is done for potential flows
[25], for evaluating the Stokeslets and doublets arising from discretization of the fiber-fiber
interactions. The second is to parallelize the method. This is rather straightforward as most of the
computations are done on each fiber separately, and interaction terms are treated in an explicit
manner.
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