Journal of Advances in Mathematics and Computer Science

30(1): 1-13, 2019; Article no.JAMCS.45069
ISSN: 2456-9968

(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

Mathematical and Numerical Analysis for Neumann
Boundary Value Problem of the Poisson Equation

Germain Nguimbi!, Diogéne Vianney Pongui Ngoma'',
Vital Delmas Mabonzo?, Bienaime Bervi Bamvi Madzou?
and Grace Lionel Ngoma Bouanga?

1 Ecole Nationale Suprieure Polytechnique, Marien Ngouabi University, Brazzaville, Congo.
2 Ecole Normale Suprieure, Marien Ngouabi University, Brazzaville, Congo.

3Faculty of Sciences and Technics, Marien Ngouabi University, Brazzaville, Congo.

Awuthors’ contributions

This work was carried out in collaboration between all authors. All authors read and approved the

final manuscript.

Article Information

DOI: 10.9734/JAMCS/2019/45069

Editor(s):

(1) Dr. Francisco Welington de Sousa Lima, Professor, Dietrich Stauffer Laboratory for
Computational Physics, Departamento de Fsica, Universidade Federal do Piaui, Teresina, Brazil.
Reviewers:

(1) Lanlege David Ibitayo, Federal University Lokoja, Nigeria.

(2) Erdal Unluyol, Ordu Unuversity, Turkey.

(3) E. O. Omole, Joseph Ayo Babalola University, Nigeria.

Complete Peer review History: http://www.sciencedomain.org/review-history/27994

Received: 19 October 2018
Accepted: 22 December 2018
‘ Original Research Article Published: 28 December 2018

Abstract

This paper falls within the framework of mathematical modelling and that of numerical analysis.
The analysis to be developed through this paper deals with three Neumann boundary value
problmes: one pure, one modified and the other with conduction term for the Poisson equation.
We introduced Dirichlet and Neumann problems with conduction valuables to prove the
continuity in comparison with conduction term of the Neumann problem. We demonstrated the
existence and uniqueness of the modified Neumann problem. For simplicity and concreteness, it
was appropriate to choose the finite element and classical methods to find the numerical and the
explicit solutions, respectively so that numerical simulations were implemented in Scilab.

*Corresponding author: E-mail: diogene.ponguingoma@umnyg.cg


http://www.sciencedomain.org/review-history/27994

Nguimbi et al.; JAMCS, 30(1): 1-13, 2019; Article no.JAMCS.45069

Keywords: Neumann’s problem; conduction term; continuity; finite element method; numerical
simulations.

2010 Mathematics Subject Classification: 46N40; 65-XX; 34A45

1 Introduction

Let Q be a bounded domain in RN, N > 1, with boundary 99,
f € L*(Q),g € L*(09), n is the exterior normal to the boundary 6.

We shall consider the following three Neumann boundary value problems: one pure, one modified
and the other with conduction term for the Poisson equation to develop our analysis.

The Pure Neumann boundary value problem for the Poisson equation [1]

—Au=fin
Tn = gon
where % =3, %m and 7 = (7;)1<i<n, does not admit a unique solution because if v is a

solution, u + ¢ (¢ constant) still solution. On the other hand, the Modified Neumann boundary
value problem for the Poisson equation [2]

{—Au+u—finQ (1.2)

g—;;:gonﬁﬂ

admits a unique solution that we will prove by the Lax-Milgram theorem.

We shall introduce the homogeneous Dirichlet problem with conduction term and unhomogeneous
Neumann problem with conduction term those will be valuable to prove the continuity in comparison
with conduction term of the solution of the following Neumann boundary value problem with
conduction term for Poisson equation [3]

(1.3)

{—V-(aiVui) =finQ
5]

8’:; = g on 9N
where 0; € R, (¢ = 1,2) represents the term of conduction of the model.

The aim of this paper is to prove the existence, uniqueness, continuity and to find the exact and
numerical solutions of the above problems. The resolution algorithm and the implementation of
numerical simulations depend on the type of the solution and requiere a search of the exact solution.
For simplicity and concreteness, it will be appropriate to use the one-dimensional Pure Neumann
boundary value problem for the Poisson equation. Then, the finite element method and the classical
method shall be developed to find the exact and numerical solutions so that numerical simulations
will be implemented in Scilab. The analysis to be presented through the paper makes a strong use
of the results and arguments of [4, 1, 2, 5, 6, 7, 8, 9, 10].

The organization of the paper is as follows. The homogeneous Dirichlet problem and the unhomo-
geneous Neumann problem with conduction term will be presented for developping the continuity
analysis of problem (1.3). A variational formulation will be presented to demonstrate the existence
and uniqueness of the problem (1.2). The one-dimensional Pure Neumann boundary value problem
for the Poisson equation will be solved numerically and analytically by using the finite element
method and the classical method, respectively. Finally using those exact and numerical solutions,
numercial simulations will be implemented in Scilab.
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2 Continuity of the Solution u of Modified Neumann
Problem with Respect to o

We first prove the continuity of the solution of the following homogeneous Dirichlet problem with
conduction term

—oiAu; = f inQ 1)
u; =0 on 0N
A variational formulation of the problem (2.1) is written as
/ i Vu; VodQ) = / fvdQ Yove Hy(Q)
Q Q
Fori=1
/ o1 Vui VodS) = / fodQ (2.2)
Q Q
For i =2
/ 02VuaVudQ) = / fodQ (2.3)
Q Q
By substracting (2.3) from (2.2) we get
/ (61Vur — 02Vug) VodQ =0
Q
which can also be written
/ o1V (ur — u2)VodQ + (o1 — 02)/ VuzVodQ =0 (2.4)
Q Q
Let v =u1 —u2 € Hy(Q), the equality (2.4) becomes
/ O'1V(U1 — u2)2dQ + (0'1 — 0'2)/ VUQV(U1 — uz)dQ =0
Q Q
/ 0'1|V(u1 - UQ)‘QdQ < |0'1 - 0'2‘ / ‘VUQHV(’U,l - UQ)‘dQ
Q Q
o1fjur — u2||§13(n) < o = ooffJuzll g @) llur — vzl py o)
g1 — 02
s — walligen < 722 uall g (2

Otherwise

/UQVuQVde:/fde
Q Q

|/ 02VuaVudQ| = |/ fodQ|
Q Q

/|02Vu2Vv|dQ < /|fv|dQ
Q Q
Applying Cauchy-Schwartz inequality [5, 10], we have

a2||Vuz | L2 IVUll L2y < IfllLz@) vz
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oalluzllgyo) vl my @) < Cllvllcz o

By applying the inclusion of standards in H'(Q) and L*(Q) [5, 10] we have

MC
w2l g ) < Yo
So (2.5) becomes
lon — o9
llur — w2l g (o) < WMC
lo1 — o2 .
e = w2l g o) < K== (with K = MC)
So if 01,02 > p > 0 with u fixed, that is to say
1 1
o102 > 4’ = < —3
0102 1%

The inequality (2.6) becomes
K
llur = well o) < Ekfl — 02
Which proves the continuity of w

[, +oo[ — Hy(Q)
0 — Uy

In the following we use the above result to prove the continuity of the solution of the problem (1.3)

Weak form of the problem (1.3) is written as

/VuindQ: i/ fde—l—/ gvdo VYwve Hl(Q)
Q Ji Ja a9
Fori:=1

/VvadQ: i/ fde—l—/ gudo
Q 01 Jo a0

For ¢ =2

/VUQVUdQ: i/ fvdﬂ—i—/ gudo
Q 92 Ja o0

By making the difference of (2.7) and (2.8) we get

/ (Vul - VUQ) VodQ) = (i - i) / fUdQ
Q o1 02 Q

V(u1 — u2)VodQ = (i — i) fvdQ)
Q

Q 01 02

Let v =u1 —uz € H'(Q), the problem (2.9) becomes

/V(Ul—'U«Q)QdQ:Uz*Ul/fUdQ
Q Q

g102

Using the semi-norm

|/ V(u1—u2)2dQ\:\02_01/fde|
Q 02 Q

01

(2.9)
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[19 0 —w)laa <7227 [ |fojdn
Q 02 Q

01
And applying the Cauchy-Schwartz inequality

02 — 01

lur = w2z () <| Nl 2@ lur = wellp2q)

0102
lur — uzllr2¢q) < Bllur — uz|| g1

‘We then obtain
et — wall gy < NBIZZ=21
g102

lon — o9
lur —walla ey S L= = (L=NB) (2.10)

So if 01,02 > p > 0 with y fixed, that is to say
1

o102 = 17 = <
0102

1 .
E?
The inequality (2.10) becomes

L
lur — w2l g1 (o) < E|Ul — 09|

Which proves the continuity of the solution u of Neumann’s problem with conduction term with
respect to o that is to say

1, +oo[ — H'(Q)
o Uy

2.1 Existence and Uniqueness of the Solution of the Modified Neumann
Problem

We will use the Modified problem (1.2) to prove the existence and uniqueness of the solution u
using the Lax-Milgram theorem [5, 10].

feL?(Q) = —Autuc L*(Q)
Au € L*(Q)
ue H (Q)

Let
V =H'(Q) which is a Hilbert space.

We now find the variational formulation of the problem (1.2)

Let
ve HY(Q)

Let us multiply the first equality of (1.2) by v and integrate over Q

/fAu.de+/u.de:/f.de
Q Q Q

Using Green’s formula we have

/Vu.Vde—/ %.vda—l—/u.de:/f.de
Q a0 On Q Q
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/Vu.Vde—/ g.vda+/u.de:/f.UdQ
Q a0 Q Q

Vu.Vde+/ w.vdQ = g.vda+/ fudQ
Q o0 Q

Q
By setting

a(u,v) :/Vu.Vde+/ u.vdQ)
Q Q

and

L(v) = /fm g.vdo +/Qf.de

‘We then obtain
a(u,v) = L(v)

Let us check the continuity of a since its bilinearity is trivial
la(u,v)| = \/ Vu.Vde—i—/ w.vdS)|
Q Q
la(u, v)| < / V. Vo] dQ + / 0]
Q Q

Using the Cauchy-Schwartz inequality

o)l < ([ [vulat.( [ (voa) + ([ ptay [ jopaoy?

la(u, v)| < [[VullLz)[Volle@) + lullLz@)llvllzz @)
So that

la(u,v)| < HUHH1<Q)||UHH1(Q) + Hu||L2(Q)||vHL2(Q)
And applying the Poincar inequality [5, §]

lullL2) < exllulla o)

[ollz2(0) < cellvll o)

Then
la(u, v)| < [[ullgr @ llvlla @) + erezllullgr@ vl a @)
la(u, v)| < (1 + cre2)llull g1 o) l|vll a1 (o)
la(u, v)| < cllullgr @ llvlla1 (o)
with

c=1+cico

Hence a is continuous.

Let us check the continuity of L since its linearity is trivial
|L(v)| = |/ g.vdUJr/ fwdQ|
a0 Q

g/ \g.v\da+/|f.v|dQ
o0 Q
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Using the Cauchy-Schwartz inequality we have
L)< ([ loPanb([ oldn) + ([ 1fPab( [ oo}
a0 a0 Q Q

IL()] < llgllz2 o0y lvllL200) + 1 fllL2@ IvllL2 @)
Since
fe L= 1fllez) < k1
g € L*(09) = lgllL200) < k2
So
[L(v)] < kallv]l L2 00) + kllv]lL2(q)

According to the continuity of the trace function on H'(Q): u — yu o= u
such as
[IvullLzo0) < cllullm o)
We have
[L(0)] < cka|v]l (e + kallvllrz()

And using Poincar inequality then
|L(v)| < ckal|v|| g1 (q) + kvl g a)

|L(v)| < (cka + ak1)[[v]| 1 (a)
IL(v)| < Ellvll 1 (a)
with
k = cks + ak:

Hence L is continuous.

Let us check if a is H*(Q2)-elliptical
By setting u = v
a(u,u) = / VudQ + / u?dQ
Q Q
We have
a(u,u) = HuHiIl(Q)
Hence a is coercive.

Proprerties being verified according to the Lax-Milgram theorem there exists u € H'(Q)

unique such as a(u,v) = L(v) and |Ju| 10y < @

2.2 Numerical Resolution of the Problem

We will use the finite element method of Lagrange type P; to solve the following one-dimensional
pure Neumann problem for the Poisson equation.

—u" = fin]0,1[=Q (2.11)
W) =a, w(1) =, afER |

with the weak form

/u"u'dx:/f.vdm—ow(())—i—/o’v(l), Vo e H'(Q)
Q Q
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Let (z;)j=0,....,N+1 be a subdivision of ]0, 1[ such that

O=z0<z1 < ... <ZN41 = 1.

Suppose the uniform step be given by h = zj4+1 — ;.
We define the approximation space H*(0,1) by

Vi = {v € C(0, 1)|U\[1j»7«j+1] eP,Vj=0,..,N}

The approximation of the variationnal formulation (2.11) is to find up € V} such that

Yo € Vi, / upvpdr = / fondx + Bun(1) — avn(0) (2.12)
Q Q

Vi being a vector subspace of H'(0,1) we can therefore define a canonical basis (¢o, ..., dx-+1) such
that:

N1
up € Vi = up(z) = Z uipi ()
i=0
N+1
vn € Vi = un(z) =Y v;¢;(x)
i=o
So
N1
i=0
And
N1
@) = 3 (@)
i=0

Which amounts to finding up(xo), ..., un(xn+1) such as: Vi =0,...,N +1

1 /N+1 N+1 1 N+1 N+1 N+1
/O (Z ui¢>§($)> (Z vj¢>}(93)> dx = /0 f (Z v,»@(x)) dz+ B vidi(1) —a Y v;¢;(0)
j=0

i=0 7=0 =0 7=0
Which implies
N+1N+1 . N4l N1 N41
>3 [ @G@e@unds =Y [ (6@ ude+p Y vos1)-a Y 065(0)
i=0 j=0 "0 j=0“0 J=0 j=0
N+1 1 1
> ([ d@siiorie) ui= [ sos@o+ 56,1) - a6,0). YO < i < N 1
’ N+1 1
S iy =/0 f5(@)dw + Bo; (1) — acy(0), VO < j < N +1
i1=0
With

1
aij = / ¢;($)¢;(55)
0
Vi=0,..N 4+ 1 we define the ¢; fonctions by:

x_:ZFI ifz e [CL'Z‘71,{EZ'}
di(z) =40 else
Tip1—T

ifx e [mi, $i+1]
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We notice that we have

1 ifi=N+1
0 else

and

0 else

6:(0) = (o) = {1 =0

We then define b, € RM12 by

;ijll foi(x)dx if 1<j<N
(On)i = 4 [ foo(z)de —a if =0
JIN fonpade+ B i i=N+1

By taking Up, = (un(20), ..., un(zn+1))" € R¥*2) we get that Uy is a solution of
ai;Un = by, where a;; € RVFDXWNH2) g the rigidity matrix

‘We have

1 1
wo= [ dh@pnaar = [ o=

LR R
1 , , TN41 1 1
A(N+1)(N+1) :/ Sny1(2)Pn g1 (z)dw =/ ﬁdfﬂ =5
0 z N

1 i Tit1
! / / i 1 1 1 1
i—1i = i—1 i(z)dr = —— der = —— (x; —xi_1) = — =
o= [ da@olie = [* (<) (7)) dr= g oo = 5

1 Tit1
Giis1 = / S@dhada = [

i

Tit1 1 1 1
_ dor = ——
I CIIOEES:
Then matrix form is

1 -1 0
“o fol for1(z)dr —
-1 2 -1 U1 1
1 Jo foa(x)
7 . : = : (2.13)
1 2 -1 uN 1 ’
The matrix a;; is self-adjoint and positive. Indeed, for all (v;) € RN*2  we have
Vo — V1 Vo
—vo + 2v1 — V2 V1
< aijv,v >= l :
—UN-1 + 2UN — UN+1 UN
—UN + UN+1 UN+1
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< aijv,v >= 3 [(vo — v1)vo + (—vo + 201 —v2)v1 + -+ + (—vN—1 + 20N — UN41) UN + (UN41 — UN) UN41]

: y
=% [(wo —v1)vo + (vN41 — vN)VN41 + (—v2 + 201 —vo)vr + - + (—UN41 + 208 — UN—1)UN]

N

1

= [(vo —v1)vo + (VN1 — vN)UNT1 + E (—vig1 + 2v; — Ui—l)vz}
i=1

N
1
= [(Uo —v1)vg + (UN+1 — UN)UN41 + E (vi —vig1)vi + (vi — 'Ui—l)'Ui:l
i=1

N N-—-1
1
=5 {(vo —v1)vo + (VUN41 — UN)UN41 + Z(Ui —vig1)vi + Z (vig1 — Ui)”i+1:|

i=1 i=0

N N-1
1
=% [(Uo —v1)vo + Z(Uz‘ — Vit1)vi + Z (vit1 — vi)vit1 + (vNy1 — UN)'UN+1:|

i=1 i=0

[ N
= n |:Z(U1 — Vit1)vi + Z(UH—I — ;) Vit1

1=0 1=0

N
D o0F = 200041 +viy)

1
h i=0

On the other hand, a;; is not defined because a;;v.v = 0 if and only if
Vi = Vi1 ,V’i = 07...,N.

During the numerical simulation for the calculation of the second member b;, we will use a quadrature
formula including the trapezoidal formula.

2.3 Analytical Resolution of the Problem

We will try to solve the one-dimensional Neumann problem by using the classical method of
resolution. To avoid the trivial difficulty of determining the constants in the Modified Neumann
problem for the Poisson equation, we will add the condition of Dirichlet u(1) = 8. Hence we have
the following problem

' (x) = £(2) o1
W(0)=a,u(l)=8, «a B € R. ’

Consider f(z) = 572 cos(mx)

We have 4 (du(z) iy
U\T _ ar _ 2 .
e ( o ) =—f(z) = - 5m° cos(mz);
Y = —5msin(nz) + c;
Then 4
u(a:) = —brsinmx + 1
dx
Hence

u(z) = bcos(nz) + c1z + ca.

Determine c¢; and c2. After manipulation we obtain
Cl =«
co=5+p—«

10
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Hence the exact solution of problem (2.14) is

u(z) = 5cos(mz) + (x — 1) a+ 5+ B, o, BeR (2.15)

2.4 Numerical Simulations

The aim here is to represent on the same graph the solutions (2.15) and (2.13) exact and numerical,
respectively, taking into account the number of points N and of step h of the finite element method
in order to converge the two solutions. This simulation will be implemented in Scilab.

Fig. 1 illustrates the exact solution (2.15) for « = 8 = 1.

Fig. 1. Representation of the exact solution

By fixing N = 5 in (2.13), we have attempted to vary the step h of the method to verify the
numerical convergence of numerical solution of (2.13) on the exact solution of (2.15). (See Fig. 2)

e Taking h = 0.001, we notice that the two solutions exact and numerical respectively converge
very fast numerically (See Fig. 2a).

e Taking h = 0.01, we notice that at the beginning both exact and numerical solutions
respectively tend to distance themselves and then converge and finally move away (See Fig.
2b), which is explained by slow numerical convergence.

In Fig. 3, we fixed N = 10.

e Taking h = 0.001, we notice that the convergence between the exact and the numerical
solution is the almost numerically the same, which is explained by the strong numerical
convergence (Fig. 3a).

e Taking h = 0.01, we notice that the exact and numerical solutions, respectively converge
almost everywhere numerically. (See Fig. 3b).

The finite element method requieres a very large number of points N and a very good choice of step
h of the method to ensure the convergence of the numerical solution (2.13) to the exact solution
(2.15) numerically.

11
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N=5, h=0.001: Un N=5, h=0.01: Un

(a) (b)

Fig. 2. Representation of the exact and numerical solutions for N =5

N=10, h=0.001: Un N=10, h=0.01: Un
T T T T T T T T

(a) (b)

Fig. 3. Representation of the exact and numerical solutions for N = 10

3 Conclusion et perspectives

In this work, we solve numerically the Neumann problem for the Poisson equation by presenting
the three problems of Neumann.

We first showed the continuity of the solution of the Neumann problem with conduction term
with respect to 0. According to what exists in the literature, we think we are the first to prove
this continuity. Then we showed the existence and uniqueness of the modified Neumann problem
by applying the Lax-Milgram theorem. Then we solved numerically the one-dimensional Pure
Neumann problem using the finite element method and showed that its rigidity matrix is self-
adjoint and positive. To solve analytically this problem we have added the Dirichlet condition to
this problem because the determination of constants is difficult. Finally, we used these results to
make numerical simulations to compare the numerical convergence of both exact and numerical
solutions, respectively. In the future we will inverstigate the theoretical convergence of the Pure
Neumann model and expensive to solve the problem in higher dimension (2 or 3).

12
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