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Abstract

In this paper we investigated (¢, )-contraction condition for multivalued type mappings in
complete modular metric spaces. Our results are more general than metric versions of these type
mappings.
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1 Introduction
Let (X, d) be a metric space. A mapping T': X — X is a contraction if

d(T (), T (y)) < kd(z,y),
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for all z,y € X, where k < 1.The Banach Contraction Mapping Principle appeard in explict form
in Banach’s thesis in 1922[1]. Because of the simplicity and usefulness of this theory, it has become
a very popular tool in solving existence problems in many fields of mathematical analysis. So a
number of authors have extended and generalized Banach’s Contraction Principle in many different
directions. Some of these authors such as Rakotch[2], Boyd and Wong [3], Rhoades[4] investigated
weaker contrative conditions using a control function « : [0,00) — [0, 1) in place of the contraction
constant k € (0,1). After Rhoades, several number of results appeared in fixed point theory. These
results could be seen in the papers of Zang and Song [5], Doric [6], Hosseini [7] etc. In 1969 Nadler
[8] gave fixed point results for multivalued mappings in metric spaces.

The notion of modular space was given by Nakano [9] and it was intensively developed by Musielak
and Orlicz, Koshi and Shimogaki, Yamamuro(see [10, 11, 12]) and others. A lot of mathematicians
have been interested in fixed point theory in modular spaces . In 2006, Chistyakov introduced
the notion of metric modulars inspired by the classical linear modulars [13] and in 2008 he gave
concpet of modular metric spaces generated by F-modulars [14]. In 2010 Chistyakov gave the
notion of modular metric spaces and properties of these spaces [15] and he gave a fixed point
theorem for these spaces in 2011 [16]. After Chistyakov’s results, a lot of authors interested fixed
point results in modular metric spaces [17, 18, 16, 19, 20, 21, 22]. Kiling and Alaca [23] defined
(g, k) —uniformly locally contractive mappings and n-chainable concept and proved a fixed point
theorem for these concepts in a complete modular metric spaces. Kiling and Alaca [24] proved two
main fixed point theorems for commuting mappings in modular metric spaces. In 2014 Khamsi
and Abdou investigated Hausdorff metric modular in modular metric spaces and proved fixed
point theorem for multi-valued mappings [25]. Chaipunya et. al. gave some fixed point results of
multivalued mappings in modular meric spaces [26].Tukoglu and Kiling [27]. gave modular metric
versions of Khojasteh, Karapinar and Khandani’s results.

In this paper we investigated fixed point results for multivalued mappings which satisfies (p, 1) —
contraction condition in complete modular metric spaces.

1.1 Preliminaries

In this section, we will give some basic concepts and definitions about modular metric spaces which
are useful for our results.

Definition 2.1 [[15], Definition 2.1] Let X be a nonempty set, a function w : (0,00) x X x X —
[0, 0] is said to be a metric modular on X if satisfying, for all z,y,z € X the following condition
holds:

(i) wx(z,y)=0forall A\ >0 z=y;
(1) wx (z,y) = wx (y,z) for all A > 0;
(491) wayp (z,y) < wa(z,2) +wy (z,y) for all A, p > 0.
If instead of (i), we have only the condition

(/) wx (z,x) =0 for all A > 0, then w is said to be a (metric) pseudomodular on X.

The main property of a metric modular [15] w on a set X is the following: given z,y € X,
the function 0 < XA — wx (z,y) € [0, co] is nonincreasing on (0, c0). In fact, if 0 < g < A, then (47),
(z) and (i) imply

wa (2,y) S wr—p (2, 7) + wp (2, 9) = wu (z,9) -
It follows that at each point A > 0 the right limit wx4o (x,y) = Hii{\%row# (z,y) and the left limit

wx—o (x,y) = El_ifilo“’*‘s (z,y) exist in [0, c0] and the following two inequalities hold:

Wx+0 ({I’,y) < wax (ZE,’y) < wa-o (-’L',y) .
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Theorem 2.1 [21] Let X, be a complete modular metric space and T" a contraction on X,,. Then,

the sequence (T"z),, . converges to the unique fixed point of 7' in X,, for any initial € X,,.
Now we give some definitions, which are useful for our main results.

Definition 2.2 Let X, be a modular metric space. Then following definitions exist:

(1) The sequence (1), oy in Xuw is said to be convergent to x € Xy if w1 (zn,x) — 0, as n — 00
(2) The sequence (zn),, oy in Xo is said to be Cauchy if w1 (zm,zn) — 0, as m,n — oo

(3) A subset C of X,, is said to be closed if the limit of a convergent sequence of C' always belong
to C.

(4) A subset C of X,, is said to be complete if any Cauchy sequence in C' is a convergent sequence
and its limit is in C.

(5) A subset C of X,, is said to be w—bounded if

0w (C) = sup {w:(z,y);z,y € C} < oo.
(6) A subset C of X, is said to be w—compact if for any (z) in C there exists a subset sequence
(zn,) and x € C such that wi(zn,,z) = 0

(7) w issaid to satisfy the Fatou property if and only if for any sequence ()
to x, we have

nen i X w—convergent

wi(z,y) < liminfwi (zn,y),
n— oo

for any y € X.

Now we will give some basic properties and notions of multivalued mappings in modular metric
spaces which was given in [25] For a subset M of modular metric space X, set

(i) CB(M) ={C : C is nonempty w — closed and w — bounded subset of M} ;
(i) K(M)={C :C is nonempty w — compact subset of M};
(iii) the Haussdorf modular metric is defined onCB(M) by

H, (A, B) = max {supwl(x7 B), supwl(y,A)} ,

€A yeEB

where w1 (z, B) = inf wi(z,y).
yeB

Definition 2.3 Let X, be a complete modular metric space and M be a nonempty subset of X,,.
A mapping T : M — CB(M) is called a multivalued Lipschitzian mapping, if there exists a constant
k > 0 such that

Hy(Tz, Ty) < kwi(z,y),

for any =,y € M.

A point © € M is called fixed point of T' whenever x € Tz.The set of fixed points of T will be
denoted by Fix(T)

It was shown in[25] that Definition 2.3 is more general than Theorem 2.1.

Definition 2.4 A function % : [0, 00] — [0, 00) is called an altering distance function if it satisfies
the following conditions:

(1) + is monotone increasing and continuous; (2) ¥(t) =0 if and only if t =0
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2 Main Results

In this section we will give a fixed point theorem for multivalued mappings which satisfies (p, ) —
contraction condition.

Theorem 2.1. Let X, be a complete modular metric space, O# M C Xy and T : M — K(M) be
a multivalued mapping satisfies following conditions with Fatou Property:

Y(Huo (T2, Ty)) < P(Mw(z,y)) — ¢(Nuw(z,y)) 3.1)

for all x,y € M and x # y; where

Mu(zy) = max{wl(aay>,61<x,Tx>,61<y,Ty>,

W= o) =

(2(x, Ty) + by, Tm>>}
(62(z, Ty) + 02(y, Tx))}

Nu(zy) = min{wl(m,y>,51<x,Tx>,61<y,Ty>,

Let o(t) : [0,00] = (0,00), @(t) > 0 is semicontinuous for all t > 0 and discontinuous at t = 0;
P(t) : [0,00] = [0,00) be altering distance function.
Then T has a fized point in M C X.; where wi(xo,z1) < 0o for some xo, ©1 € Xw and
H. (A, B) is modular Hausdorff metric.

Proof. Let xo € M be arbitrary and x1 € T'xzo. Then there is x2 € T'z; such that
wi(z1,22) < Hy(Txo, Tx1)
Since v is monotone increasing we get
Y(wi(x1,22)) < Y(Hw(Txo, Tx1))
If we apply (3.1), we get
Y(wi(z1, 22)) < Y(Huw(Two, T21)) < (Muw(20,21)) — @(Nw (w0, 21)) (32)

When we write x2,, instead of xo, x2n+1 instead of 21 and z2,+2 instead of z2 in (2.2) and expanded
the inequality we get

Y(wi(zont1, Tont2)) < Y(How(T22n, Tr2n+1)) < Y(Muw(X2n, T24n1)) — @(Nw(@2n, Tont1))  (3.3)

where
w1 (T2, Tant1), 01(Z2n, TT2n), 01(T2n+1, TT2n+1),
My, (xon,x = max
w(@2n, Tani1) { %(52(x2n,Tx2n+l) + d2(z2n+1, TZ2n))
51(1’2n,T1’2n) = s +11116fo2 {w1 (~T2n7x2n+1)} < wl(l‘zml’zn+1)
n n
01(Z2nt1, TTont1) = ; leanz {wi(z2nt1, Ton+2)} < w1 (T2n+1, Tant2)
2n+2 2n+41
52($2R7Tw2n+1) - e +ziEn7fz2 +1 {wl(x2n7m2n+2)}
n n
02(xant1, Txon) = inf {w1(z2n+1,T2nt1)} =0

Top+1€TT2n

is satisfied and (2.3) is equal to

1
My (Cvzn, $2n+1) = max {wl(mzn, $2n+1)7 w1 ($2n+17 I2n+2), §(w2 ($2n7 $2n+2))}

1
My (Z2n, Tant1) = max {w1 (T2n, Tan+1), W1 (T2n41, Tant2), 5 (w1(x2n, Tant1) + w1 (T2nt1, $2n+2))}
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Let us assume that
Mw($2n, $2n+1) = w1 ($2n+1,$2n+2)
If we consider this assumption in equation (3.3) we conclude that
Y(wi(T2n+1, T2nt2)) < V(W1 (T2n41, T2n42)) — @(Nw(T2n, T2n+1)) (3.4)

Since ¢ >0
Y(wi(Tant1, Tont2)) < Y(Wi(T2nt1, Tony2)) (3.5)

Since v is monotone increasing we get
w1(T2n+1, Tant+2) < W1 (T2n+1, T2nt2) (3.6)
But this is a contradiction . Then we conclude that
My(xon, Tant1) = w1 (T2n, Tant1)

Thus (w1 (z2n, T2n+1)) is a monotone decreasing sequance. Since K (M) is compact, it is closed and
bounded and it is bounded from above. That is for » > 0, we get

lim w1 (%2n, Tant1) =7
n— o0

If we take the limit for n — oo in (3.3), we get

m ¢ (wi(T2nr1, 2nt2)) <l P(Mo (220, 22401)) = M @(Now (220, T2n41))

n—oo n—oo
lim (w1 (z2nt1, T2nt2)) < Hm P(wi(@2n, 22401)) = 1m o(No (220, T2041))

for all » > 0. Since % is continuous

IA

1/1( lim ws (562714-17 $2n+2)) 7/1( lim w1(172n7 $2+n1)) — lim @(Nw(mzn,$2n+1))

n—00 n—r00 n—00

P(r) < P(r) = lim o(Nu (220, T20+1))
From the definition of ¢, ¢(Nuw(Z2n, Z2n+1)) # 0. So we get
P(r) <¢(r)
But this is a contradiction. Thus we get » = 0. That is

lim wl(xgn,x2n+1) =0
n—oo

Now let us show that (z,) is a Cauchy sequence. To show that is sufficiant to show that the
subsequence (z2,) is a Cauchy sequence. Assume that (z2,) is not Cauchy, then there is

w1(T2n, Tam) > €

for 3e > 0;m > n > no(e) and m and n are the first numbers that satisfies the inequality above.
We can write

w(Hw (Tx2n—17 T:CZm—l))
w(Mw (Il’zn—l, $2m—1)) - SD(Nw (CC2n—1, $2m—1))

for xom € T(z2m—1) and x2, € T(T2n-1).

Y(wi (T2, T2m))

IAN A

. Ww1(Tam—1,Tan—1), 01(T2n—1,TT2n—1),01(T2m—1, TTom—1),
My (r2n-1,T2m-1) = max{ %(52($2n—1,T132m—1) + d2(z2m—1,Tx2n-1))

—  max w1 (Tam—1,Tan—1), W1 (Tan—1, T2n), W1 (T2m—1, Tam),
2 (wa(z2n—1,T2m) + w2 (Tam—1, T2n))
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w1 (Tom—1,T2n—1) < wi (x2m—1,T2n) + wi (x2n, Ton—1)
Since metric modular is monotone decreasing, there is 2¢ > 0 for % > 0 such that

w1 (Tam—1,%2n) < 2€

1
2

Now if we take the limit for m,n — oo we get

w1(Tam—1, Tan—1) < 2€

w2(Ton—1,T2m) <  wi1(Ton—1,22n) + w1 (T2n, Tam)
< wi(z2n, Tom) < w%(UCQn,l’zm—l) +w%(l’2m—l7x2m)
w2(Ton—1,Tam) < 2

From the main property of metric modular we can write the inequality below;
w2 (Tam—1,Tan) < W1 (Tam—1,T2n) < €

When we write these inequalities we get
1
My (Z2m—1,T2n—1) = max < 2¢,0,0, 5(2& +e)p =2

And if we write these results in (3.1) we get
P(2e) < P(2) — o(Nw(T2n—1,T2m-1))
Since @(Nuw(T2n—1,T2m—1)) can’t equal to zero this inequality turns into
¥(2e) < (2)
which is a contradiction. Hence our assumption is wrong and (x2,) is a Cauchy sequence.

Now let us show the existence of the fixed point. Let us assume otherwise, that is z is not a fixed
point of T,while (x,) — .

Since K(M) is compact, it is also closed and bounded. So there is a z €K(M)C X,, such that

(xn) — x. Then from the Fatou property we get

81(z, Tx) < lim infwi(xpt1,Tr) = lim infwi(Txn, Tx) < lim Hy(T2n, TT)

n—o0 n—oo n—oo

Hence we can write that

Y(01(z,Ta)) < P(Hw(Tzn,Tz))
S w(Mw(mnvi) - QD(Nw(CL‘n, ‘%)
My (Tn,z) = max{wl(mn,o_c),él(xn,Tmn),él(E,Tzf),é(éz(xn,i)+52(5:,Tx))}
nan;OMw(xn,E) = max wl(i,5),51(5,T5),61(5,T5),%(52(3_5,T5)+62(E,5))}

{
- max{o,o,al(i,T;c),%(&(&TE))}
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From the main property of a modular metric we can write
52(57T5) S 61(57T5)
Hence we get

lim My (%n,z) = 61(z, Tz)

n—r oo

From this equality we find that

P01 (z, Tx)) < P01 (z, Tx)) — o(Nuw(n, 7)
From the definition of ¢ this inequality turns into
»(d1(z, Tx)) < (o1 (z, Tx))

which is a contradiction. Hence our assumption is wrong and x is a fixed point of Tx. That is

x € Tz. This completes the proof. O

3 Conclusions

In this paper we give ¢ — 1 contraction for multivalued mappings in modular metric spaces and a
fixed point result is shown. We try to expand fixed point theory for modular metric spaces. Authors
can develop this results for other spaces like generalised modular metric spaces. Also authors can
see [16],[15],[25] and references therein for more information about modular metric spaces.
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